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In the paper, the asymptoticmean square stability of the zero solution for neutral stochastic
delay differential equations with Poisson jumps is studied by fixed points theory without
Lyapunov functions. The coefficient functions have not been asked for a fixed sign, and
the sufficient condition for mean square stability has been obtained. Therefore, somewell-
known results are improved and generalized.
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1. Introduction
In recent years, the stability of stochastic differential equations has been studied by using Lyapunov functions, which
has led to a lot of better results, see for example, [3,9–11] and so on. Unfortunately, a number of difficulties have been
encountered in the study of stability by means of Lyapunov’s direct method. Luckily, Luo [4] and Burton et al. [5–8] have
successfully solved these problems by the application of fixed points theory. Since the method is in its initial stages, we are
sure that the investigators will obtain much more better results than by using the method of Lyapunov functions which is
old and has been previously done in the literature.
To the best of authors knowledge, the stochastic delay differential equations which have been studied by using fixed
points theory are linear. So the semilinear form is blank. As we know, the semilinear model is very important to industry.
Therefore, in the paper, we make the first attempt to study the stability of the semilinear equations to fill this gap.
The Poisson jumps have become very popular in recent years [1,2], because it is extensively used to model many of the
phenomena arising in areas such as economics, finance, physics, biology, medicine and other sciences. For example, if a
system jumps from a ’’normal state’’ to a ’’bad state’’, the strength of system is random. It is natural and necessary to include
a jump term in the stochastic differential equations. Therefore, in this paper, the first attempt is made towards investigating
the stability of stochastic delay differential equations with Poisson jumps by using fixed points theory.
This paper is organized as follows. In Section 2, we present some basic preliminaries and the form of neutral stochastic
delay differential equations with Poisson jumps. In Section 3, the main result about mean square asymptotic stability and
proof have been given. In Section 4, somewell-known results are generalized in remarks and an example is given to illustrate
our theory.
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2. Preliminaries
Let

Ω,F , {Ft}t≥0 , P

be a probability space with a filtration satisfying the usual conditions, i.e., the filtration is
continuous on the right and F0 contains all P-zero sets. Let B(t) = (B1(t), B2(t), . . . , Bn(t))T be a standard n-dimensional
Brownianmotion defined on the probability space. Let C([−τ , 0]; Rn)denote the family of functions ξ from [−τ , 0] toRn that
are right continuous and have limit on the left. C([−τ , 0]; Rn) is equippedwith the norm ‖ξ‖ = sup−τ≤s≤0 |ξ(s)|, where |·| is
the Euclidean norm in Rn, i.e., |x| = √xTx (x ∈ Rn). If A is a vector or matrix, its trace norm is denoted by |A| = trace(ATA),
while its operator norm is denoted by ‖A‖ = sup {|Ax| : x = 1}. Denote by CbF0([−τ , 0]; Rn) the family of all bounded,
F0-measurable, C([−τ , 0]; Rn)-valued random variable. Let p > 0, t ≥ 0. Denote by LpFt ([−τ , 0]; Rn) the family of all Ft-
measurable, C([−τ , 0]; Rn)- valued random variables ξ = {ξ(θ) : −τ ≤ θ ≤ 0} satisfying sup−τ≤θ≤0 E|ξ(θ)|p <∞.
Let {v(dt, du), t ∈ R+, u ∈ R} is a centered Poisson randommeasure with parameter π(du)dt .
Consider the following Itô neutral stochastic delay differential equations with Poisson jumps:
d[x(t)− G(x(t − τ1(t)))] = [a(t)x(t)+ b(t)x(t − τ1(t))]dt + g(t, x(t), x(t − τ2(t)))dB(t)
+
∫ +∞
−∞
h(t, x(t), x(t − τ3(t)), u)v˜(dt, du), t ≥ 0, (2.1)
with the initial condition x0 = φ(t), where φ(t) ∈ C([m(0), 0]; R) andm(0) = min{inf(s− τi(s), s ≥ 0), i = 1, 2, 3}.
Assume that
G : Rn → Rn, a : R+ → Rn, b : R+ → Rn,
g : R+ × Rn × Rn → Rn×n, h : R+ × Rn × Rn × R → Rn,
and G(0) = g(0, 0, 0) = h(0, 0, 0, u) = 0, τi(t) ∈ C(R+; R+) satisfy t − τi(t) → ∞ as t → ∞, i = 1, 2, 3.v˜(dt, du) =
v(dt, du)− π(du)dt is a compensated Poisson randommeasure which is independent of {B(t)}.
Suppose
 +∞
−∞ π(du) <∞ and the following conditions are satisfied:
(I) There exists a positive constant K1 ∈ (0, 1) such that for all x, y ∈ Rn,
|G(x)− G(y)| ≤ K1|x− y|; (2.2)
(II) (Global Lipschitz condition.) There exists a positive constant K2 > 0 such that
|g(t, x, y)− g(t, s, w)|2 ∨
∫ +∞
−∞
|h(t, x, y, u)− h(t, s, w, u)|2π(du)
≤ K2(|x− s|2 + |y− w|2), (2.3)
where x, y, s, w ∈ Rn.
3. Stability by fixed points theory
Theorem 3.1. Assume that τ1(t) is differential, there exist a continuous function ϕ(t) : [0,∞)→ Rn and a constant α ∈ (0, 1),
conditions (I) and (II) hold, such that for t ≥ 0,
(i) lim inft→∞
 t
0 ϕ(s)ds > −∞;
(ii)
 t
0 ϕ(s)ds →∞, as t →∞;
(iii)
K1 +
∫ t
t−τ1(t)
|a(t)+ ϕ(t)|ds+
∫ t
0
e−
 t
s ϕ(u)du[|(a(s− τ1(s))+ ϕ(s− τ1(s)))(1− τ ′1(s))+ b(s)| + K1|ϕ(s)|]ds
+
∫ t
0
e−
 t
s ϕ(u)du|ϕ(s)|
∫ s
s−τ1(s)
|a(u)+ ϕ(u)|du

ds+

2K2
∫ t
0
e−2
 t
s ϕ(u)duds
1/2
≤ α < 1.
Then the zero solution of (2.1) is mean square asymptotic stability.
Proof. Denote by S the Banach space of all F -adapted processes ψ(t, ω),
S =

ψ(t, ω) ∈ C([m(0),∞)×Ω; Rn) : ‖ψ‖[0,t] = E( sup
s∈[0,t]
|ψ(s, ω)|2)1/2 → 0
as t →∞, ψ(s, ω) = φ(s) for s ∈ [m(0), 0]

. (3.1)
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Define an operator Q : S → S by (Qx)(t) = φ(t) for t ∈ [m(0), 0] and for t ≥ 0,
(Qx)(t) =

(φ(0)− G(φ(−τ1(0)))−
∫ 0
−τ1(0)
(a(s)+ ϕ(s))φ(s)ds)e−
 t
0 ϕ(s)ds
+
[
G(x(t − τ1(t)))+
∫ t
t−τ1(t)
[a(s)+ ϕ(s)]x(s)ds
]
+
∫ t
0
e−
 t
s ϕ(u)du
[(a(s− τ1(s))+ ϕ(s− τ1(s)))(1− τ ′1(s))+ b(s)]x(s− τ1(s))
− G(x(s− τ1(s)))ϕ(s)

ds−
∫ t
0
e−
 t
s ϕ(u)duϕ(s)
∫ s
s−τ1(s)
(a(u)+ ϕ(u))x(u)du

ds

+
∫ t
0
e−
 t
s ϕ(u)dug(s, x(s), x(s− τ2(s)))dB(s)

+
∫ t
0
∫ +∞
−∞
e−
 t
s ϕ(u)duh(s, x(s), x(s− τ3(s)), u)v˜(ds, du)

:=
3−
i=1
Ji(t). (3.2)
In order to obtain the conclusion, we give four steps as follows:
First step: We must prove the mean square continuity of Q on [0,∞). Let x ∈ S, t ∈ [0,∞) and |r| be sufficiently small,
then
E|(Qx)(t + r)− (Qx)(t)|2 ≤ 3
3−
i=1
E| Ji(t + r)− Ji(t)|2.
It is easy to obtain that
E| J1(t + r)− J1(t)|2 → 0 as r → 0.
Furthermore,
E| J2(t + r)− J2(t)| ≤ 2E
∫ t
0
(e−
 t+r
t ϕ(u)du − 1)e−
 t
0 ϕ(u)dug(s, x(s), x(s− τ2(s)))dB(s)
2
+ 2E
∫ t+r
t
e−
 t+r
s ϕ(u)dug(s, x(s), x(s− τ2(s)))dB(s)
2
≤ 2E
∫ t
0
(e−
 t+r
t ϕ(u)du − 1)2e−2
 t
0 ϕ(u)du|g(s, x(s), x(s− τ2(s)))|2ds
+ 2E
∫ t+r
t
e−2
 t+r
s ϕ(u)du|g(s, x(s), x(s− τ2(s)))|2ds −→ 0 (3.3)
as r → 0, and
E| J3(t + r)− J3(t)| ≤ 2E
∫ t
0
∫ +∞
−∞
(e−
 t+r
t ϕ(u)du − 1)e−
 t
0 ϕ(u)duh(s, x(s), x(s− τ3(s)), u)v˜(ds, du)
2
+ 2E
∫ t+r
t
∫ +∞
−∞
e−
 t+r
s ϕ(u)duh(s, x(s), x(s− τ2(s)))v˜(ds, du)
2
≤ 2E
∫ t
0
∫ +∞
−∞
(e−
 t+r
t ϕ(u)du − 1)2e−2
 t
0 ϕ(u)du|h(s, x(s), x(s− τ2(s)), u)|2π(du)ds
+ 2E
∫ t+r
t
∫ +∞
−∞
e−2
 t+r
s ϕ(u)du|h(s, x(s), x(s− τ3(s)), u)|2π(du)ds −→ 0 (3.4)
as r → 0.Therefore, Q is mean square continuous on [0,∞).
Second step: We prove that Q (S) ⊂ S, that is to say, for any ε > 0, there exists T > 0, such that s ≥ T , then E|x(s)|2 < ε and
E|x(s− τi(s))|2 < ε, i = 1, 2, 3, and x(t)→ 0 as t →∞. Hence
E sup
s∈[0,t]
| J2(s)|2 ≤ E
∫ t
0
e−2
 t
s ϕ(u)du|g(s, x(s), x(s− τ2(s)))|2ds
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= E
∫ T
0
e−2
 t
s ϕ(u)du|g(s, x(s), x(s− τ2(s)))|2ds+ E
∫ t
T
e−2
 t
s ϕ(u)du|g(s, x(s), x(s− τ2(s)))|2ds
≤ E
∫ T
0
e−2
 t
s ϕ(u)duK2(|x(s)|2 + |x(s− τ2(s))|2)ds+ E
∫ t
T
e−2
 t
s ϕ(u)duK2(|x(s)|2 + |x(s− τ2(s))|2)ds
≤ 2E( sup
s≥m(0)
|x(s)|2)K2
∫ T
0
e−2
 t
s ϕ(u)duds+ εK2
∫ t
T
e−2
 t
s ϕ(u)duds.
Due to condition (ii), there exists T ′ > T , such that t ≥ T ′, we obtain
2E( sup
s≥m(0)
|x(s)|2)K2
∫ T
0
e−2
 t
s ϕ(u)duds < (1− α)ε.
Now we can get E(sups∈[0,t] | J2(s)|2) < (1− α)ε + αε = ε.
Similarly,
E sup
s∈[0,t]
| J3(s)|2 ≤ E
∫ t
0
∫ +∞
−∞
e−2
 t
s ϕ(u)du|h(s, x(s), x(s− τ2(s)), u)|2π(du)ds
= E
∫ T
0
∫ +∞
−∞
e−2
 t
s ϕ(u)du|h(s, x(s), x(s− τ2(s)), u)|2π(du)ds
+ E
∫ t
T
∫ +∞
−∞
e−2
 t
s ϕ(u)du|h(s, x(s), x(s− τ2(s)), u)|2π(du)ds
≤ 2E( sup
s≥m(0)
|x(s)|2)K2
∫ T
0
e−2
 t
s ϕ(u)duds+ εK2
∫ t
T
e−2
 t
s ϕ(u)duds
< (1− α)ε + αε = ε,
and it is very easy to get E(sups∈[0,t] | J1(s)|2)→ 0 as t →∞, thus Q (S) ⊂ S.
Third step: Now, we will prove that Q is a contractive mapping. Due to condition (iii), there exists some constant K > 0,
such that
1+ 1
K

K1 +
∫ t
t−τ1(t)
|a(s)+ ϕ(s)|ds
+
∫ t
0
e−
 t
s ϕ(u)du[|(a(s− τ1(s))+ ϕ(s− τ1(s)))(1− τ ′1(s))+ b(s)| + K1|ϕ(s)|]ds
+
∫ t
0
e−
 t
s ϕ(u)du|ϕ(s)|
∫ s
s−τ1(s)
|a(u)+ ϕ(u)|du

ds
2
+

1+ 1
K
+ 1+ K
1− K
∫ t
0
2K2e−2
 t
s ϕ(u)duds

≤ α2 < 1.
For x, y ∈ S, we have
E sup
s∈[0,t]
|(Qx)(s)− (Qy)(s)|2 = E sup
s∈[0,t]
|G(x(s− τ1(s)))− G(y(s− τ1(s)))
+
∫ s
s−τ1(s)
[a(z)+ ϕ(z)](x(z)− y(z))dz
+
∫ s
0
e−
 s
z ϕ(u)du
[(a(z − τ1(z))+ ϕ(z − τ1(z)))(1− τ ′1(z))+ b(z)] (x(z − τ1(z))− y(z − τ1(z)))
− (G(x(z − τ1(z)))− G(y(z − τ1(z))))ϕ(z)

dz
−
∫ s
0
e−
 s
z ϕ(u)duϕ(z)
∫ z
z−τ1(z)
(a(u)+ ϕ(u))(x(u)− y(u))du

dz
+
∫ s
0
e−
 s
z ϕ(u)du[g(z, x(z), x(z − τ2(z)))− g(z, y(z), y(z − τ2(z)))]dB(z)
+
∫ s
0
∫ +∞
−∞
e−
 s
z ϕ(u)du[h(z, x(z), x(z − τ3(z)), u)− h(z, y(z), y(z − τ3(z)), u)]v˜(dz, du)|2
≤ E sup
s∈[0,t]
|x(s)− y(s)|2 sup
s∈[0,t]

1+ 1
K

K1 +
∫ s
s−τ1(s)
|a(z)+ ϕ(z)|dz
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+
∫ s
0
e−
 s
z ϕ(u)du[|(a(z − τ1(z))+ ϕ(z − τ1(z)))(1− τ ′1(z))+ b(z)| + K1|ϕ(z)|]dz
+
∫ s
0
e−
 s
z ϕ(u)du|ϕ(z)|
∫ z
z−τ1(z)
|a(u)+ ϕ(u)|du

dz
2
+

1+ 1
K
∫ s
0
K2e−2
 s
z ϕ(u)dudz

+

1+ K
1− K
∫ s
0
K2e−2
 s
z ϕ(u)dudz

≤ α2 < 1. (3.5)
So Q is a contraction mapping.
Nowwe can observe that Q has unique fixed points x(t) in S by the contractionmapping principle, it is a solution of (2.1)
with x(s) = φ(s), s ∈ [m(0), 0] and E‖x(t)‖2 → 0 as t →∞.
Fourth step: We will prove that the zero solution of (2.1) is mean square asymptotic stability.
Let ε > 0 be given and choose δ > 0 (δ < ε) satisfying
(1+ K)δ

1+ K1 +
∫ 0
−τ1(0)
|a(s)+ ϕ(s)|ds
2
e−2
 t∗
0 ϕ(u)du +

1+ 1
K

αε < ε,
where K has been defined and t∗ is defined as follows. If x(t) = x(t, 0, φ) is a solution of (2.1) with ‖φ‖2 < δ, then
x(t) = (Qx)(t) as defined in (3.2). We claim that E|x(t)|2 < ε for t ≥ 0. Notice that E|x(t)|2 < ε on t ∈ [m(0), 0]. If there
exists t∗ > 0 such that E|x(t∗)|2 = ε and E|x(t)|2 < ε form(0) ≤ s ≤ t∗, then we have
E sup
s∈[0,t]
|(Qx)(s)− (Qy)(s)|2 ≤ (1+ K)‖φ‖2

1+ K1 +
∫ 0
−τ1(0)
|a(s)+ ϕ(s)|ds
2
e−2
 t∗
0 ϕ(u)du
+ ε(1+ K)

1+ 1
K

K1 +
∫ t
t−τ1(t)
|a(s)+ ϕ(s)|ds
+
∫ t
0
e−
 t
s ϕ(u)du[|(a(s− τ1(s))+ ϕ(s− τ1(s)))(1− τ ′1(s))+ b(s)| + K1|ϕ(s)|]ds
+
∫ t
0
e−
 t
s ϕ(u)du|ϕ(s)|
∫ s
s−τ1(s)
|a(u)+ ϕ(u)|du

ds
2
+ ε

1+ 1
K
+ 1+ K
1− K
∫ t
0
2K2e−2
 t
s ϕ(u)duds

≤ (1+ K)δ

1+ K1 +
∫ 0
−τ1(0)
|a(s)+ ϕ(s)|ds
2
e−2
 t∗
0 ϕ(u)du +

1+ 1
K

α2ε
< ε, (3.6)
which contradicts the definitions of t∗. Now,we can obtain that the zero solution of (2.1) ismean square asymptotic stability,
the proof is completed. 
4. Remarks and an example
Remark 4.1. When G(x(t − τ1(t))) = q(t)x(t − τ1(t)), g(t, x(t), x(t − τ2(t))) = c(t)x(t) + e(t)x(t − τ2(t)) and
h(t, x(t), x(t − τ3(t)), u) ≡ 0, Eq. (2.1) reduce to
d[x(t)− q(t)x(t − τ1(t))] = [a(t)x(t)+ b(t)x(t − τ1(t))]dt + [c(t)x(t)+ e(t)x(t − τ2(t))]dB(t) t ≥ 0, (4.1)
which is recently studied in Luo [4].
Remark 4.2. In Lyapunov theory one must find a Lyapunov function; in fixed points theory one must find an appropriate
fixed point theorem, which is a balance. In addition, we are the first to introduce a new function in the study of stability by
using the fixed points theory, which makes the stability conditions be more feasible.
Example 4.1. Consider the following stochastic delay differential equations:
d
[
x(t)− a1x

t − t
3
]
= −3x(t)dt +
[
a2x(t)+ a3x

t − t
3
]
dB(t) (4.2)
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with the initial condition x0 ≡ c(constant), where t/3 ≥ 0, t − t/3 → ∞ as t → ∞ and ai (i = 1, 2, 3) are constants.
If ai (i = 1, 2, 3) satisfy 9|a1| + |a2| + |a3| < 3 and choose ϕ(t) ≡ 3 in Theorem 3.1, then the zero solution (4.2) is mean
square asymptotic stability by Theorem 3.1.
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